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HARMONIC FUNCTIONS ON MANIFOLDS WHOSE LARGE SPHERE 

ARE SMALL . 

GILLES CARRON 


Abstract. We study the growth of harmonic functions on complete Riemann- 
ian manifolds where the extrinsic diameter of geodesic spheres is suhlinear. It is 
an generalization of a result of A. Kazue. We also get a Cheng and Yau estimates 
for the gradient of harmonic functions. 

RESUME : On etudie la croissance des fonctions harmoniques sur les varietes 
riemanniennes completes dont le diametre des grandes sphedes geodesiques croit 
sous lineairement. II s’agit de generalisation de travaux de A. Kazue. Nous 
obtenons aussi une estimee de type Cheng-Yau pour le gradient des fonctions 
harmoniques. 


1. Introduction 

When (M, g) is a complete Riemannian manifold with non negative Ricci curva¬ 
ture, S-Y. Cheng and S-T. Yau have proven that any harmonic function : M —> M 
satisfies the gradient estimate 0 : 

sup \dh\{z) < —sup |^(•^)|• 

z^B{x^R) R zGB(x,2R) 

This result implies that such a manifold can not carry non constant harmonic func¬ 
tion /i: M —M with suhlinear growth : 

\h{x)\ = o{d{o,x)) , d{o, x) —>■ +CX3 . 

A celebrated conjecture of S-T. Yau predicted the finite dimensionality of the space 
of harmonic functions with polynomial growth on a complete Riemannian mani¬ 
fold with non negative Ricci curvature : 

nu{M,g) = {he C‘^{M), Agh = 0, \h{x)\ = 0{d’^{o,x))} . 

This conjecture has been proven by T. Colding and B. Minicozzi in a much more 
general setting. 

We say that a complete Riemannian manifold (M",p) satisfies fhe doubling 
condifion if fhere is a consfanf ^ such fhaf for any x € M and radius R > 0 : 

volB{x, 2R) < dvolB{x, R). 

If i? C M is a geodesic ball, we will use fhe nofafion r{B) for fhe radius of B and 
k,B for fhe ball concenfric fo B and wifh radius Kr{B). And if / is an infegrable 
function on a subsef C M, we will nofe fn ifs mean over Q: 
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We say that a complete Riemannian manifold satisfies the scale (L^) 

Poincare inequality if there is a constant g such that for any ball B C M and any 
function (/? G C^{2B): 

Theorem. f53 If (M, g) is a complete Riemannian manifold that is doubling and 
that satisfies the scale Poincare inequality then for any v, the space of harmonic 
function of polynomial growth of order v has finite dimension: 

dim'Hu{M,g) < +oo. 


It is well known that a complete Riemannian manifold with non negative Ricci 
curvature is doubling and satisfies fhe scale Poincare inequalify, hence fhe Yau’s 
conjecfure is frue. 

The proof is quanfifafive and gives a precise esfimafion of fhe dimension of 
g). In facl, fhe condition on fhe Poincare inequalify can be weakened 
and fhe resulf holds on a doubling manifold (M, g) fhaf satisfies fhe mean value 
estimation iiiioi : for any harmonic function defined over a geodesic ball 3-B : 

sup|h( 3 ;)|< / \h\- 

x&B ^oi2B J 2 B 

An example of Riemannian manifold safisfying fhe above condifion are Rie¬ 
mannian manifold {M,g) fhaf oufside a compacf sef {M,g) is isomefric fo fhe 
warped producf 

([1, 00) X S, (dr)'^ + 

where (S, h) is a closed connected manifold and 7 G (0,1]. Buf when 7 G (0,1), 
a direcf analysis, separafion of variables, shows fhaf any harmonic function h saf- 
isfying for some e > 0: 

h{x) = O 

is necessary consfanf. In particular, a harmonic funclion wifh polynomial growfh is 
consfanf. In 18113, A. Kasue has shown fhaf fhis was a general resulf for manifold 
whose Ricci curvafure satisfies a quadrafic decay lower bound and whose geodesic 
spheres have sublinear growfh (see also ifTTl for a relafed resulfs): 


Theorem. If{M, g) is complete Riemannian manifold with a based point o whose 
Ricci curvature satisfies a quadratic decay lower bound: 

k-2 

Ricci > — - 


d?{o,x)^ ’ 

and whose geodeosic sphere have sublinear growth: 

diam dB (o, R) = o{R) , R ^ +00 

then any harmonic function with polynomial growth is constant. 

Following A. Grigor’yan and L. Saloff-Coste Q, we say fhaf a ball B{x, r) is 
remofe (from a fixed poinf o) if 


3r < d{o, x). 
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Our first main result is a refinement of A. Kasue’s result when the hypothesis of the 
Rieei eurvature is replaeed by a seale Poincare inequality for remote ball : There 
is a constant ^ such that all remote balls B = B{x,r) satisfy a scale Poincare 
inequality : 

'iip G C^{2B) : 11^ - ¥?B|li2(s) < ^^r‘^\\dip\\\2^2B) 

Theorem A. Let {M, g) be a complete Riemannian manifold whose remote balls 
satisfy the scale Poincare inequality and assume that geodesic spheres have sub- 
linear growth: 

diam 9i?(o, i?) = o{R) , R —>■ +oo. 

Ifh: M —R A a harmonic function such that for Ir := hf : 

liminf log(f«) ^ 

R^+OO R 

then h is constant. 


For instance, on such a manifold, a harmonic function /i; M —)■ R satisfying : 
\h{x)\ < Cd{o, xY {yoIB{o, d{o, x)))~^ 
is constant. Moreover if the diameter of geodesic sphere satisfies 

diamdB{o, R) < CR'^ , 

for some 7 G (0,1) then if h: M ^ R is a harmonic function such that for some 
positive constant C and e: 

\h{x)\ < Ce'^^°’^^"~~'~\olB{o,d{o,x)) 

then h is constant. 

A by product of the proof will imply that on the class of manifold considered by 
A. Kasue, the doubling condition implies an estimate d la Cheng-Yau for for the 
gradient of harmonic function: 


Theorem B. Let {M"^, g) be a complete Riemannian manifold that is doubling and 
whose Ricci curvature satisfies a quadratic decay lower bound. Assume that the 
diameter of geodesic sphere has a sublinear growth 


diamdB{o, R) = sup d{x,y) = o{R), 

x,y£dB{o,R) 

then there is a constant C such that for any geodesic ball B G M and any 
harmonic function h: 3B R 

C ^ 

sup \dh\‘^{x) < 

x&B 


vol 2B 


’2B 


\dhf 


This result has consequences for the boundness of the Riesz transform. When 
{M"',g) is a complete Riemannian manifold with infinite volume, the Green for¬ 
mula and the spectral theorem yield the equality: 


, [ \df\ldVOlg={Af,f)R2 
JM 



V/ G C(M) 
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Hence the Riesz transform 


R := : L^{M) L^{T*M) 


is a bounded operator. It is well known ifT^ that on a Euclidean space, the Riesz 
transform has a bounded extension ii: L^(]R”) —> LP(r*]R”) for every p G (l,+oo) 
Also according to D. Bakry, the same is true on manifolds with non-negative Ricci 
curvature |21. As it was noticed in IS] section 5], in the setting of the Theorem IbI 
the analysis of A. Grigor’yan and L. Saloff-Coste fT] implies a scale -Poincare 
inequality: there is a constant C such that any balls B = B{x, r) satisfies : 


VpGC^(2H) : ||<p-Pb||li(b) < C'r2||dp||Li(2S). 


And according to the analysis of P. Auscher and T. Coulhon [T] (see also the ex¬ 
planations in l|3l section 5]), the Theorem iBl implies : 

Corollary C. Under the assumption of Theorem^ the Riesz transform is bounded 
on LP for every p G (1, -foo). 

Acknowledgements. I thank Hans-Joachim Hein : this project had begun by a 
very fruitful discussion where we proved together the key lemma d2.il) . I’m par¬ 


tially supported by the grants ACG: ANR-IO-BLAN 0105 and GTO : ANR-12- 
B SO1-0004. 


2. Absence of harmonic functions 


Recall that when {M,g) is a complete Riemannian manifold and o G M, we 
say that a geodesic ball B{x, r) is remote (from o) if 


3r < d(o, x). 


We define p fhe radius function by pit) = inf max d(x, y), we have 

x£dB{o,t) yGdB{o.,t) 

p{t) < diam dB{o,t) < 2p{t). 

2.1. An inequality. 

Lemma 2 . 1 . Let {M,g) be a complete Riemannian manifold whose all remote 
balls B = B{x, r) satisfy a scale Poincare inequality : 


\fipeC\2B) : ||p-(ps|li2(B) < pr2(H)||dp|||2(2ij) ■ 


Then there are constants C > 0 and k G (0,1) depending only on p such that if 


Vr G [ii, 2ii] : p(r) < er with £ G (0,1/12) 
and ifh is a harmonic function on B{o, 2R) then 
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Proof. Let r £ [R + 4eR, 2R — AsR], our hypothesis implies that there is some 
X G dB{o, r) sueh that 

B{o, r + eR) \ B{o, r) C B{x, sR + er). 

Let h: B{o, 2R) ^ R be a harmonie funetion and c G R a real number. We use 
the Lipschitz funetion : 


Xix) = { 


1 on B{o,r) 

on B{o,r + eR) \ B{o,r) 
0 outside B{o,r + eR) 


Then integrating by part and using the faet that h is harmonie we get 

X^\d{h-c)\^+ 2x{h-c){dx,d{h-c)) = [ {d{{h - c)x^), d{h - c)) = 0 


Jm 

So that we have : 


IM 


\d{x{h - c))\^ = I x^\d{h-c)\'^+ 2x{h-c){dx,d{h-c)) + {h-cfldxl"^ 


'M 


'M 


(h-c) \dx\ , 


J B(o^r-\-eR) 

and henee 

[ \dhf<[ \d{x{h - c))\^ = f 

JB{o,r) J B{o,r+eR) JE 

fi. 


{h-cf\dx\^ 


B(o,r+eR) 


< 


< 


’ B{o,r+eR)\B{o,r) 

{h-cf. 


' B{x,eR+er) 

The hypothesis that e < 1/12 implies that the ball B{x, eR + er) is remote, henee 
if we ehoose 

^ ^Bix,e{R+r)) T~d7 i IT f ^ 

vol.B(x, ,e(ii + r)) ys(x„£(i?+r)) 

then the Poineare inequality and the faet that r + R < 3R imply : 


lB{o,r) 


Id/ip < d/J, 


I B{x,6eR) 


\dhf 


But we have : 


henee we get 


B{x, 6ei?) C B{o,r + 6eR) \B{o,r — 6eR), 


' B(o^r—^eR) 


\dh\^ < 9fj, 


I B{o,r+6€R)\B(o,r—6eR) 
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And for all r G [i?, i? — 12ei?] we get : 


[ ^ [ 

lB{o,r) 1 + 9 ^ JB{o,r+l2eR) 


\dhf 


We iterate this inequality and get 

[ \dhf < 

Jb(o,R) 




l + 9fi 


N 


Ib{o,2R) 


provide that A^12eii < R ; henee the result with C* = 1 + ^ and 

9fi 


K = 


1 + 9^ 


□ 


2.2. Harmonic function with polynomial growth. We ean now prove the fol¬ 
lowing extension of Kasue’s results : 

Theorem 2.2, Let (M, g) be a complete Riemannian manifold whose all remote 
balls B = B{x, r) satisfy a scale Poincare inequality : 

\/peC\2B) : \\p-ipB\\l2^B)^hr^iB)\\M\l2(2B) 

Assume that balls anchored at o have polynomial growth : 

wo\B{o,R) < CR^^ 

and that geodesic spheres have sublinear diameter growth : 

lim 

t —>-+oo f, 

then any harmonic function on (M, g) with polynomial growth is constant. 

Proof Let h: M —> R be a harmonie funetion with polynomial growth : 

h{x) <C{1 + d{o, x)Y. 

We will defined 

r 

|2 

\un, 

lB{o,R) 


Er = 


|d/i|^ and e(r) = sup 

t>r I 


We remark first that using the eut off funetion ^ defined by 

1 on B{o, R) 

^(x) = { onB{o,2R)\B{o,R) 


0 


outside B{o,2R) 


We obtain 

( 1 ) Er < 


Ib(o,2R) 


\dm? = 


Ib(o,2R) 
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If we iterate the inequality obtained in Lemma IZTl we get for all R such that 
e{R) < 1/12 : 


Z ^,=0 


Er < 


Using the estimation ([T]), we get 


( 2 ) 


e( 


Er < C{R)e V 


2^j = 0 


i(23R) 


+log(2) (2^+/i—2)+log C 


But the Cesaro theorem convergence implies that : 


£-1 

/E 


1 


lim „ , , . , 

£—>+00 ^ ■ 2 —/ g (^2^R) 
3=0 


+ 00 


hence if we let £ —)• +oo in the inequality Q we get Er = 0 and this for all 
sufficiently large R, hence h is constant. □ 


2.3. Extension. A slight variation of the arguments yields the following exten¬ 
sion: 


Theorem 2.3. Let (M, g) be a complete Riemannian manifold whose all remote 
balls B = B{x, r) satisfies a scale Poincare inequality : 

V(/7 G C {2B) : \\p — (Pb\\l^(^b) E fir {B)\\dip\\j^2(^2B) 

Assume that the geodesic spheres have sublinear diameter growth : 

r pit) n J w > ^ pit) 

lim -= U and let e[r) = sup- . 

t t^r ^ 


Let h: M be a harmonic function and assume that Ir= satisfy 

Jb{o,R) 

then h is constant. 


Proof Indeed, the above argumentation shows that if R is large enough then 

Er < M{£,R)L{2^+^R) ^T^R-'^ 

where 


\og{M{£, R)) = log ^ 

1 \ 

= ^iogc+iogK y , . , . 

^ e {2lR) “ log 2 ^ 727-17? te (t) ~ log 2 Jr /2 te (t )' 


But 
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Hence we get the inequality : 



It is then easy to conclude. 


□ 


3. Lipschitz regularity of harmonic functions 

We are going to prove that a Lipschitz regularity for harmonic function analo¬ 
gous to the the Cheng-Yau gradient inequality : 

Theorem 3.1. Let {M^,g) be a complete Riemannian manifold that satisfy the 
doubling condition : there is a constant ^ such that for any x G M and radius 
R> 0 : 


\o\B{x,2R) <d\o\B{x,R) 


and assume moreover that the Ricci curvature satisfies a quadratic decay lower 
bound 


where for a fixed point o ^ M : r{x) := d(o, x). 

Assume that the diameter of geodesic sphere growth slowly 


diamdB{o, R) = sup d{x,y) = o{R) 

x,y£dB{o,R) 


then there is a constant C such that for any geodesic ball B d M and any har¬ 
monic function h: 3B —)■ M 



Proof According to IS) Proposition 5.3], we need only to show that there is a 
constant C such that if i? > 0 and if h: B{o, 2R) ^ M is a harmonic function 
then for any s < a < R : 



(3) 


According to the Lemma IZTl for all rj > 0, there is a i?o > 0 such that for all 
R > Rq, then 



Hence for all R> Rq : 



Choose rj = d then we get that for all < •s < o' < i? : 
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The Ricci curvature being bounded on B{o,3Ro), the Cheng and Yau gradient 
estimate yields a constant B such that for all x ^ B{o, Rq) : 



Hence the estimate ([S]) holds with C = max{i?,-&}. 


□ 
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